Adiabatic effective action for vortices in neutral and charged superfluids at zero temperature are calculated using the topological Landau-Ginzburg theory recently proposed by Hatsuda, Yahikozawa, Ao and Thouless, and vortex dynamics are examined. The Berry phase term arising in the effective action naturally yields the Magnus force in both neutral and charged superfluids.
It is shown that in neutral superfluid there is only one degree of freedom, namely the center of vorticities, and the vortex energy is proportinal to the sum of all vorticities so that it is finite only for the vanishing total vorticity of the system. On the other hand the effective mass and the vortex energy for a vortex in charged superfluids are defined individually as expected. The effects of the vortex core on these quantities are also estimated. The possible depinning scenario which is governed by the Magnus force and the inertial mass is also discussed.
I. INTRODUCTION
Vortex dynamics play an essential role in various properties of superfluids and superconductors [1, 2] . Recently, numbers of experiments on the Hall effect [4] and the anomalous Hall effect [5] in superconductors have provided renewed interest in the theoretical study of vortex dynamics [6] [7] [8] [9] [10] [11] [12] [13] [14] . A standard theory of vortex dynamics has, however, not been established yet. For example, the existence of the Magnus force in superconductors is still an open question. In fact, Galilean invariance, which is used to derive the Magnus force in neutral superfluids, is unclear in charged superfluids because of the presence of a metallic lattice [2] .
It is worth mentioning here that classical hydrodynamics [15] provides an explanation of two main properties of vortices in a perfect fluid; (i) Helmholtz's theorem and Kelvin's theorem lead to a vortex motion such that a vortex-line moves with the background fluid, and (ii) Bernoulli's theorem leads to the Magnus force acting on a vortex-line at rest. The nonlinear Schrödinger approach [3] , which is one of the successful quantum descriptions for superconductors and superfluids, contains similar hydrodynamic equations: When the wave function is decomposed into the phase and the amplitude, ψ = √ ρe θ , the field equation for θ becomes the continuity equation and the field equation for ρ gives Bernoulli's theorem.
Since this theory contains Bernoulli's theorem, it should lead to the Magnus force. In fact, there exists an attempt to calculate the expectation value of the Hall (transverse) conductivity and the longitudinal conductivity due to vortex motions by solving the timedependent nonlinear Schrödinger equation numerically [16] . However, it is a non-trivial task to extract the qualitative features of vortex dynamics, in particular the Magnus force, from such simulations.
In this paper, we develop an alternative approach to vortex dynamics, "the topological Landau-Ginzburg theory" which was proposed in a previous paper by two of us with Ao and Thouless [9] . This is a field theoretical approach whose field equations include the conventional nonlinear Schrödinger equation. In this approach, by using Helmholtz's and Kelvin's theorems as guiding principles, topological terms and collective coordinates for the vortex center are introduced. The hydrodynamical vortex law, "Ẋ = v(X)", is naturally obtained by taking a variation of our "topological action". Furthermore, the vortex motion can be extracted even after taking into account the phonon and photon effects.
We will show that the topological term, "ǫ µνρλ b µν f ρλ ", and the source term in our action
give rise to the Magnus force. This is consistent with the recent work by Ao and Thouless in which it is shown that the Berry phase and the dynamical phase in the quantum mechanical description of vortex system give rise to the Magnus force [6] . In our approach, the Magnus force appears naturally in both superconductors and superfluids, which is consistent with the expectation before [6] and with the recent results [10, 11] in different approaches.
Our topological action also provides us with vortex-phonon couplings, where the phonon here is the density fluctuation of the order parameter at zero temperature, namely the zero sound wave. In actual superfluids and superconductors, there are situations where the vortices are trapped by pinning potentials instead of moving with the background flow. If the background flow becomes strong enough, depinning occurs and vortices start to move.
A candidate of the driving force to overcome the pinning at zero temperature is the Magnus force [1, 2] , and the dynamics of depinning is dictated by the inertial mass of a vortex. An alternative candidate is quantum tunneling [17] , but we do not consider it in this paper.
We will calculate the inertial mass as well as the vortex energy in neutral and charged superfluids by taking into account the phonon and photon contributions. Also evaluated are the core contributions to the inertial mass and the vortex energy in charged superfluids where the size of a vortex-core is generally larger than the atomic scale. The obtained inertial mass is applicable to a wider range of the parameter region than that obtained in the phenomenological time-dependent Landau-Ginzburg theory supplemented with the Fermi liquid theory [18] .
The organization of this paper is as follows. In section II, a close analogy between the Lorentz force in electrodynamics and the Magnus force in hydrodynamics is discussed using our topological action for the superfluid without vortex-phonon interaction. In section III, the effective vortex dynamics in a superfluid are studied by taking into account the phonon interaction. In particular, the inertial mass and vortex energy are calculated. In section IV, vortex dynamics in a superconductor are examined by taking into account the photon interaction and the density fluctuations. The inertial mass and vortex energy in conventional and high T c superconductors are then evaluated. Section V is devoted to summary and concluding remarks.
II. THE MAGNUS FORCE
In this section, by using the topological Landau-Ginzburg theory without phonon/photon
fluctuations, we will demonstrate that the origin of the Magnus force in superfluids is quite analogous to that of the Lorentz force in electrodynamics.
The action of topological Landau-Ginzburg theory for the neutral superfluid reads
where γ a = 2πn ah /m with integer n a and 2πh/m denotes vorticity unit. Notations follow from our previous paper [9] . a µ is a vector potential representing vortex singularities, b µν is a rank-two anti-symmetric tensor potential, J µν is the vorticity current, and U pin (X) is a pinning potential. We examine vortex dynamics by taking a variation of S with respect to the vortex coordinate X.
There is a one-to-one correspondence of our theory to electrodynamics where a point-like charged particle has a current
Variation of the source term − d 4 xA µ J µ in electrodynamics with respect to the particle coordinate X(t) gives the Lorentz force
where the proper-time variable τ is chosen to be τ = t = X 0 .
Analogously a variation of the source term d 4 xbJ in (1) with respect to the vortex coordinate gives
where
On the other hand, the field equation for a µ obtained from (1) gives a relation between the b-field and the hydrodynamical current,
The b-field is the antisymmetric rank-two tensor potential whose exterior derivative is the observable hydrodynamical current. This property is analogous to the vector potential whose exterior derivative is electromagnetic field. Note that H iµν (X) in eq. (5) should be considered as an external field acting on the vortex at point X, which is analogous to the electromagnetic field acting on the charged particle in eq.(4). Inserting eq.(6) into eq. (5) leads to the conventional Magnus force
where we have used the fact that γ ∂X ∂σ is the vorticity vector, ω ≡ ∇ × v. The Magnus force, which is analogous to the Lorentz force in electrodynamics, is thus the fundamental force in the hydrodynamic theory.
If there are no pinning potentials, the variation of S at the "classical" level 
In fact, if one uses a distribution with finite core size instead of the δ-function distribution given in (2), the vortex centers X a and the current J µ (X) must be defined by averaging over the distribution as denoted in by · in (8) . For "classical hydrodynamical" cases (8) further reduces to Ẋ = v(X) since ρv(X) = ρ(X) v(X) holds. One can imagine easily this situation for a case such as an isolated straight vortex line along the z-direction and a constant background flows in the x-y plane.
The above discussions are valid not only for neutral superfluids but also for charged superfluids since the bJ coupling is universal in both cases. Namely the Magnus force is a fundamental force in both neutral and charged superfluids.
Up to this point, we have not taken into account the interactions of phonons or photons with vortices. They actually induce a kinietic term 1 2 m ef fẊ 2 with m ef f being the inertial mass. This means that, beyond the "classical" level of S, the acceleration term is induced from the equation of motion of X, i.e., m ef fẊ 2 = F M agnus (X) + F pin (X). This will be discussed in detail in later sections.
III. EFFECTIVE ACTION FOR VORTICES IN NEUTRAL SUPERFLUID
Now let us calculate the effective action for vortices in a neutral superfluid by taking into account the phonon interaction at zero temperature. We begin with the topological LandauGinzburg theory (1) and (2) and define the phase and amplitude variables as ψ = ρ(x)e iθ(x) .
Thus the action S reads
If there is a uniform background flow v bg =constant and vortex excitations do not exist, the stationary state of the superfluid is characterized as
In order to take into account the phonon fluctuation, we expand the amplitude and phase variables around the above stationary solution, ρ(x) = ρ 0 + δρ, θ(x) = θ bg + δθ. Then the full functional integral and the effective action S ef f (X) can be written as
Here L st is a stationary part of the action and G −1 is a Hermitian matrix defined as
where we used the Coulomb gauge for the a-field and divergence free property of the background flow. G is nothing but the Green's function for the fluctuations and has poles at
with ǫ(k) being the Bogoliubov spectrum and c s being the zero sound velocity
For small momentum k, this reduces to the massless phonon mode propagating with sound velocity under the background flow. After the Gaussian integration with respect to δρ and δθ, the effective lagrangian becomes
For interactions between vortices, only the phonon modes with small momentum are important under normal circumstances, since the vortex motion and the background flow are much slower than the zero sound velocity;Ẋ << c s , v bg << c s . Therefore, from the second equality to the last one in (16),
The integration of the b µν field is straightforward and the following constraint on a µ is obtained:
This constraint (17) can be solved in the Coulomb gauge as
In the following, we will mostly focus our attention on the vortices in two spatial dimensions where vortices lie along the z-direction to make the argument as simple as possible. In this case, the a µ field is written as
We will now insert the solutions (19) into (16) to get an effective action S ef f (X) written in the vortex coordinate alone. When doing this, it is convenient to classify terms by the number of a µ -fields. The a µ field contains the vortex singularities, so the number of a µ fields represents the number of the interacting vortices; for example, a bilinear term of a µ field contains an interaction of two vortices. Let us first evaluate the term linear in a µ field.
Inserting the expressions (19) into the linear term in (16), one gets
where one should be careful to perform spatial integration under the background flow. In fact, there is a constant ambiguity in the integral, d 2 x∇ ln |x − X| = −π(X + c). c can be fixed as −v bg t by requiring a correct boundary condition, i.e., the boundary of the superfluid should also move with the background flow velocity. From (20) , one sees that the combination a 0 − v bg · a has the Galilean invariance.
The obtained expression (20) is a generalization of the Berry phase term [20] to the system with background flow. It is easy to show that taking a variation of this term with respect to the vortex coordinates leads to the Magnus force.
Secondly, let us evaluate bilinear terms in the a µ field. In order to evaluate them we will use the following formula:
where d is an ultraviolet cutoff which is an atomic scale, R is an infrared cutoff and X ab ≡ X a − X b . Appendix A contains a derivation of the above formula by regulating ln |x| by ln √ x 2 + ε 2 with d = εe 1/2 . It is natural to choose R to be the container size. In a charged superfluid, the penetration depth plays the role of the infrared cutoff R, since the charge screening makes the interaction region finite.
Using the formula (21), a 2 term in (12) and (16) becomes
Here E 0 is the static energy for a system with many vortices,
The obtained expression E 0 for an isolated vortex coincides with Feynman's result [21] . If the container size is infinite, E 0 for a single vortex is divergent, while E 0 vanishes for a system with zero total vorticity. For example, a vortex − anti-vortex pair has zero static energy and has only the logarithmic interaction in (22) .
Among the self-interaction terms, there is a term which is interpreted as the kinetic term;
where u ab ≡ X ab /|X ab |. Here we define
and call this "the center of vorticity" of the system. This is analogous to the center of mass except that vorticity takes both positive and negative value. Then the first term of eq. (24) is interpreted as a kinetic term for X CV with the following inertial mass
If phonon fluctuations are neglected (i.e., in the limit c s → 0), "the center of vorticity" γ a X a /γ 0 is conserved since it is proportional to the conserved total momentum P = p a = −(mρ 0 /2)e z × γ a X a . If there exist phonons, P has an extra term from the phonon momentum and γ a X a is not conserved anymore. Instead, it gets mobility with an inertial mass m ef f given in (26).
The magnitude of the vortex energy E 0 in (23) and the inertial mass m ef f in (26), are consistent with those in ref. [18] and ref. [19] obtained by different approaches, although the vorticity dependence was not considered in these references. Ref. [18] is based on a phenomenological time-dependent Landau-Ginzburg theory supplemented with the Fermi liquid theory, while ref. [19] is based on the functional integral approach at finite temperature.
It is, however, unclear whether our result is consistent with ref. [8] which discusses the behavior of m ef f for large R.
Lastly we evaluate the vortex interactions. The leading term of two-vortex interaction is given by the second term of the right hand side of (22) . Next to leading terms such as the second term in (24) 
, with m ef f = (mρ 0 /4πc
where L Berry , L ve , L kin and L int are the Berry phase term, the vortex energy, the vortex kinetic term and the interaction term, respectively.
The equation of motion for an isolated vortex with n a = 1 at zero temperature is determined by varying the effective action which is the sum of the acceleration term, the Magnus force, and the pinning force;
This equation gives the following scenario for vortex pinning and depinning. Consider a vortex pinned by the pinning potential U pin (X). The vortex feels the Magnus force as long as it does not move with the background flow v bg . If the Magnus force is strong enough to overcome the pinning potential, the vortex starts to move (depinning) with the accerelation dictated by the inertial mass m ef f . As the vortex velocity gets closer to the background velocity v bg , the Magnus force gets smaller and reduces eventually to zero. The final stationary situation is then described by the hydrodynamical law for a perfect fluid;
The phonon interaction is irrelevant at the final stage, but it is essential at the depinning stage.
IV. EFFECTIVE ACTION FOR VORTICES IN CHARGED SUPERFLUID
Now let us consider vortex dynamics in type II superconductors. We propose the following topological Landau-Ginzburg theory for vortices in superconductors;
where q = 2e and m = 2m e with e and m e being the electron's charge and mass, A µ being the electromagnetic potential and F µν = ∂ µ A ν − ∂ ν A µ . ρ lat is the electric charge of the background lattice. In the stationary situation without vortices, the total electric charge vanishes locally; ρ lat + (q/c)ρ 0 = 0.
The Meissner effect and the quantization of magnetic flux can be easily checked by the variation of the action (29). The variation with respect to A i gives
Taking curl of (31) leads to
where the penetration depth λ is defined as
Eq. (32) represents the Meissner effect that the magnetic field has a penetration depth.
Next let us integrate eq. (32) in the region D surrounded by a closed path.
If we choose the integration region D larger than the penetration depth around the vortex, 2B can be neglected because there are neither a magnetic field nor an electric current.
Therefore the whole magnetic flux coincides with the integer multiple of unit magnetic flux
The Hall (or transverse) voltage and the longitudinal voltage are produced depending on the direction of the vortex motion, which follow from the Maxwell's equations: If a magnetic flux moves, the magnetic field changes in time only through the flux motion and an electric field is produced by
Now let us examine vortex dynamics in a superconductor by taking the variation of our effective action (29) of the "classical" level. Since X dependence arises only through the source term as with the superfluid vortex system, the obtained force acting on vortices in a superconductor is also the Magnus force (7). The Magnus force (7) is rewritten in terms of the magnetic field through eq.(32)
where the local fluid velocity is related to the electric current by v = (c/qρ 0 )J e . When the vortex is almost at rest (Ẋ ≃ 0) and the photon momentum is smaller than 1/λ (λ 2 2B ≃ 0), the right hand side of (36) 
Deep inside bulk superconductors in three dimensions, neither the magnetic field nor the electric current present. On the other hand, in the surface region of a bulk superconductor and in a thin superconducting film, the electric current is non-vanishing due to the effect of the boundary conditions. These features are a consequence of the above equations. In the following, we will mostly consider a thin film placed in the x − y plane and assume that the transport current (the background velocity) is constant in the x − y direction.
By expanding ρ(x), θ(x) and A µ (x) in (29) around the above solution (37), we get an effective action
with Hermitian matrix G −1
Here the Coulomb gauge for the a-field and δA-field are used. For zero background velocity, G has poles at
where ǫ is the Bogoliubov spectrum (14) . The massless Goldstone mode has been absorbed into massive mode. In order to take into account density fluctuations and the photon effect, we integrate out these fluctuations;
Suppose that a thin superconducting sample is set in the x − y plane and the magnetic field is applied in the z-direction. Vortices lie along the z direction. Suppose also that the transport current J e flows in the x − y plane. By carrying out the integration of the b-field and using the solutions (19) , the first term of the effective action (42) becomes
Here 2πK 0 (x) = iπ 2 H 0 (ix) with H 0 being a Hankel function of the first kind. The time
2 is neglected becauseẊ and v are much smaller than c s , and the Bogoliubov spectrum ǫ 2 is approximated by −c 2 s △ in the adiabatic approximation. In the last line of (43) the interaction part is neglected, because |X ab |c >> λc s .
One should note the qualitative difference between the kinetic term in the superfluid case (27) and that in the superconductor case (43). "Center of vorticity" enters into the kinietic term in the former, while each vortex has separate contributions to the kinetic term in the latter. In fact, in the superconductor, charge screening makes a vortex-size finite and each vortex can carry individual mobility and energy. The inertial mass of a single vortex is estimated using the previous regularization with the coherence length ξ as an ultraviolet cut off,
, ξc << λc s λπcs 2ξc e −ξc/λcs , ξc >> λc s .
So far, we have been adopting the vorticity distribution with the δ-function form (30), for simplicity. In this approximation, the ultraviolet cutoff should be the coherence length ξ.
For neutral superfluids, ξ is nearly equal to the atomic scale d which is the cutoff of the theory, so the δ-function vorticity is a good approximation. For superconductors, however, ξ is larger than the atomic scale, so the vortex-core contribution could be non-negligible. In order to estimate the core contribution, let us separate the integral of the left hand side of (43) as
The second term, which is a contribution from outside the core, is given by (43) and (44). The first term from inside the core, can be evaluated in the following way. In the vorticity tensor, the δ-function is replaced by the regularized function, for example
which is introduced in [13] . So the vorticity vector ω has a finite peak at X with width ξ.
By solving the constraint (17) , one can show that the velocity around a vortex, a, has a maximum value at the edge of a core and decreases toward a vortex center, then vanishes at the vortex center. So we replace ∇ ln r in a µ by (r/πξ 2 )P (r/ξ) where P is a solution of (17);
. One can also show that a µ has linear dependence in r near the vortex center with P (0) = 1. Then the core contribution becomes
where 
Our result is consistent with that in ref. [18] for ξc << λc s . However, our formula is not limited to this parameter region, while that of [18] is only valid in this region. 
where the vortex energy is estimated to be
The total vortex energy with the core contribution reads
The first part of the resultant E The resultant effective action for vortices in a charged superfluid up to O(h 2 ) and
where L em is the electromagnetic Lagrangian.
The equation of motion for an isolated vortex is determined by varying the effective action which is the sum of the acceleration term, the Magnus force and the pinning force.
A scenario for vortex motion is as follows: At first, a vortex in pinned, so thatẊ is almost zero. If the transport current is large enough, the Magnus force becomes strong so that the vortex starts to move by overcoming the pinning potential. A longitudinal voltage is thus produced. The Magnus force acts in such a way that the vortex velocity gets closer to the transport velocity. Eventually the vortex moves along with the transport current. As a result, Hall (transverse) voltage is produced.
V. SUMMARY AND CONCLUDING REMARKS
We have presented a unified treatment of vortex dynamics at zero temperature by using the topological Landau-Ginzburg theory. It is shown that the rank-two antisymmetric tensor potential, b µν -field, is a fundamental field coupled to vortex lines, such that the local coupling "b µν J µν " and the topological term "ǫ µνρλ b µν f ρλ " give rise to the Magnus force in both neutral and charged superfluids. Analogies with the electromagnetic theory have been shown; the rank-two antisymmetric tensor potential, the hydrodynamical current and the Magnus force correspond to the vector potential, the electromagnetic field and the Lorentz force, respectively.
Although we treat b µν as a Lagrange multiplier in this paper, the action written in terms of b µν after integrating out the a µ field in our theory (1) will have the same structure as the Kalb-Ramond type theory [24] . In this case, the b µν -field becomes dynamical. This may clarify the relation between our theory and that in [12, 23] where b µν is treated as a dynamical field with a H 2 µνλ term.
The phonon effect in a neutral superfluid was calculated and our main result is the effective action given by (27). In our derivation, "ρ 0h (a 0 − v bg · a)" becomes the Berry phase term after integrating out the b µν -field and it leads naturally to the Magnus force.
In deriving the Berry phase term and the Magnus force, a first order formalism with single time-derivative is essential: Phenomenological Landau-Ginzburg theory having second order time-derivative (such as that in [18] ) cannot lead to the Berry phase term.
We provide a systematic method to regulate vortex self-interactions such as the vortex energy and the inertial mass. It turned out that the vortex energy and the inertial mass in neutral superfluids can only be defined for the whole system and not for the individual vortices. In fact, the vortex energy is proportional to the square of the total vorticity. Also, the real dynamical degree of freedom is "the center of vorticity" of the system as is seen from the effective kinetic term. while that for high T c superconductor comes from outside the core. In reference [18] opposite results are obtained for high T c superconductors. The reason for this discrepancy comes from the unjustified extrapolation of the formula in [18] from the region ξc << λc s to the region ξc ≈ λc s . We do not have such a problem, since our formula is valid for all parameter space.
Finally, we mention that the inertial mass of a vortex may be determined experimentally by the real-time observation of the vortex motion using electron microscopy [25] .
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